Resonance and nonresonance periodic value problems of first-order differential systems are studied. Several new existence and uniqueness of solutions for the above problems are obtained. To establish such results sufficient conditions of limit forms are given. A necessary and sufficient condition for existence of nontrivial solution is also proved.
Introduction
This paper is concerned with the existence and uniqueness of solutions of the nonresonance periodic boundary value problems BVP for the first-order differential system:
x t b t x t F t, x t , t ∈ 0, 1 , 1.1
x 0
The paper is also concerned with the existence and uniqueness of the resonance periodic boundary value problem of first-order:
x t f t, x t , t ∈ 0, 1 , However, we find that Lemma 1.1 is not correct since from 1.5 ,
x 0 e The purpose of this paper is to establish several new existence and unique theorem for BVP 1.1 -1.2 . For the existence results, we give limit form conditions. The fixed point theorems are also applied. A new priori estimation on possible solutions of a family of BVP 1.1 -1.2 is obtained and some ideas are from 1 . For recent development on BVP 1.1 -1.2 , except 1 , we are referred to the papers 2-9 and references cited therein.
Existence
In the proof of the existence theorem below, we will use the following fixed point theorem. 
is bounded, then T has at least one fixed point.
Let X C 0, 1 , R n denote the set of all continuous functions defined on 0, 1 and
Then X is a Banach space endowed with norm · . where Green function is 
ii There exist function V ∈ C 1 R n , 0, ∞ and bounded function h t, x ∈ C 0, 1 ×R n , R n such that for t ∈ 0, 1 and λ ∈ 0, 1 , uniformly,
Then BVP 1.1 -1.2 has at least one solution.
By a standard argument, it is easy to prove that T is continuous and completely continuous. Now we apply Shaeffer's theorem to prove that BVP 1.1 -1.2 has at least one solution. Hence we need to prove that the set
is a bounded set with the bound being independent of λ ∈ 0, 1 . Then we can conclude existence of at least one fixed point x ∈ X of T . In consequence, from Lemma 2.2, BVP 1.1 -1.2 has at least one solution x ∈ X. From Lemma 2.2 and 2.7 , it is easy to see that x λT x is equivalent to BVP:
x t b t x t λF t, x t ,
x 0 x 1 .
2.9
In view of 2.5 , 2.7 , and 2.9 , we have
If i holds, then there exists a constant M such that x t ≤ M. This implies that S λ is bounded and M is independent of λ ∈ 0, 1 . By using Theorem 2.1, we know that BVP 1.1 -1.2 has at least one solution. If ii holds, suppose that λ 0, then x 0; if λ ∈ 0, 1 , assume, for the sake of contradiction, that S λ is unbounded. Thus there exists {x n } ∞ n 1 ∈ S λ such that lim n → ∞ x n ∞ and lim n → ∞ F t, x n t ∞. Hence from 2.6 there exists constant N > 0 satisfying that for n > N and t ∈ 0, 1 , λ ∈ 0, 1 , uniformly,
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where δ is independent of λ ∈ 0, 1 . Taking into account 2.5 , 2.9 , and 2.11 , we have that for n ≥ N, t ∈ 0, 1 and λ ∈ 0, 1 ,
x n t λ Tx n t ≤ λG which contradicts that h t, x is bounded on 0, 1 × R n . Therefore S λ is bounded with the bound being independent of λ ∈ 0, 1 . This proves that BVP 1. 
We only prove the corollary for 2.13 . For 2.14 the proof is similar. We omit it. 
we are unable to transform into BVP as an equivalent integral equation. However, consider the equivalent form of 1.1 0 :
x 0 x 1 ,
2.19
where b ∈ C 0, 1 , R with
Since Lemma 2.2 holds for BVP 2.19 , we apply Lemma 2.2 and Theorems 2.3 and 2.5 to the following result. Theorem 2.6. Assume that 2.18 and 2.20 hold and one of the following conditions is satisfied.
ii 0 There exist functions V x and h t, x as in Theorem 2.3 such that for t ∈ 0, 1 and λ ∈ 0, 1 , uniformly, 
2.23
Then BVP 1.1 -1.2 has at least one nontrivial solution.
Proof. By Theorem 2.3, 1.1 -1.2 has at least one solution. From 2.23 and Theorem 2.5, the solution is nontrivial. The proof is complete.
Similarly, we have the following result. Corollary 2.9. Assume that all the conditions of Theorem 2.6 hold and f t, 0 / ≡ 0, t ∈ 0, 1 .
2.24
Then BVP 2.19 has at least one nontrivial solution.
Uniqueness
In this section, we will establish uniqueness results of the solutions for BVP 1.1 -1.2 . Consider the Banach space X defined in Section 2. Assume that F t, x satisfies Lipschitz condition with respect to x; that is, there exists constant L such that
holds for any t, x and t, y ∈ 0, 1 × R n . Now, consider BVP 1.1 0 . Assume that f t, x satisfies Lipschitz condition with respect to x; that is, there exists a constant l such that for any x, y ∈ X f t, x − f t, y ≤ l x − y , t ∈ 0, 1 .
3.5
Similarly, the following result may be obtained. To provide an exact estimations of g t, s in 2.4 , we have the estimations as follows:
3.6
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In particular, for b t ≥ 0, t ∈ 0, 1 ,
and for b t ≤ 0, t ∈ 0, 1 ,
Applying Theorems 3.1 and 3.2, respectively, we obtain more exact results as follows. Remark 3.5. Since when there is at least a x, t ∈ 0, 1 × R n such that f / 0 and 2.19 have the same solutions, it follows that Theorems 2.6, 2.7, and 3.2 and Corollaries 2.9 and 3.4 are also true for 1.1 0 .
Examples and Remarks
In this section, we will present examples which highlight the theory of this paper. We also compare our results with known ones. 
